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We present a layered hybrid-system approach to quantum communication that involves the distribution of a
topological cluster state throughout a quantum network. Photon loss and other errors are suppressed by optical
multiplexing and entanglement purification. The scheme is scalable to large distances, achieving an end-to-end
rate of 1 kHz with around 50 qubits per node. We suggest a potentially suitable implementation of an individual
node composed of erbium spins (single atom or ensemble) coupled via flux qubits to a microwave resonator,
allowing for deterministic local gates, stable quantum memories, and emission of photons in the telecom regime.
PACS numbers: 03.67.Hk, 03.67.Lx, 03.67.Pp
I. INTRODUCTION
Quantum communication is predicated on the ability to
quickly and reliably entangle two or more quantum systems
that are separated by geographically large distances [1]. What
makes quantum communication difficult is that photons are
easily lost during transmission, due to attenuation in optical
fibers and inefficient optical coupling. Photon loss, in addition
to errors due to decoherence and imprecise quantum control,
must be overcome before quantum communication can be a
useful technology.
One proposal for reliable quantum communication is to use
a network of relatively simple devices known as quantum re-
peaters, analogous to how optical amplifiers are used in clas-
sical communication [2]. Rather than attempting to directly
entangle a pair of qubits at the ends of the communication
channel, the channel is divided into short segments and pairs
of qubits in adjacent nodes are entangled and purified to suffi-
ciently high fidelity [3, 4]. Then, the range of entanglement is
extended to the endmost nodes [5]. The basic elements of such
a scheme have been demonstrated in the laboratory [2, 6, 7].
However, in practice, the length of the communication chan-
nel will be limited by the coherence time of the quantum mem-
ories, as the time required to purify entanglement increases
with distance [8].
As experiments begin to scale beyond the laboratory, atten-
tion should turn to proposals for quantum communication that
account for all sources of error. Here, we present a scheme
that combines aspects of the orthodox repeater network with
fault-tolerant error correction. The foundation of the scheme is
optical multiplexing, which serves to reduce the effective loss
rate between nodes [9]. Then, purification is used to increase
the fidelity of entanglement between nodes [8]. Finally, this
entanglement is used to generate a three-dimensional topo-
logical cluster state [10]. It is using this state that we can
ensure that communication of logical qubits over large dis-
tances is reliable. Topological cluster-state error correction
requires low connectivity—desirable in the context of net-
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work communication—but exhibits a relatively high thresh-
old [11]. We find the scheme is able to tolerate photon loss
of 80%, communication channel errors of 10% per qubit, and
local gate errors of 0.1% per gate. Under these conditions, the
scheme is scalable to large distances, achieving an end-to-end
rate of approximately 1 kHz with around 50 qubits per node.
Quantum communication of logical qubits protected by er-
ror correction was proposed by Jiang et al. [12]. Other au-
thors have proposed schemes based on graph states [13, 14],
parity codes [15], and the surface code [16]. Very recently,
Li et al. proposed a scheme for quantum communication us-
ing a topological cluster state [17]. The distinguishing feature
of their proposal is that entangling operations within the re-
peater nodes are allowed to fail. For all of these proposals, it
will be important to identify physical systems that meet the re-
quirements of scalability, to establish threshold error rates for
the fundamental components, and to understand the associated
performance and resource requirements. For our proposal, we
suggest a potentially suitable implementation of an individ-
ual node composed of erbium spins (single atom or ensemble)
coupled via flux qubits to a microwave resonator, allowing for
deterministic local gates, stable quantum memories, and emis-
sion of photons in the telecom regime.
This paper is organized as follows: in Sec. II we describe
how to reliably distribute entanglement between nodes in the
repeater network, in Sec. III we describe how to purify the
entanglement to sufficient fidelity and then use this entangle-
ment to create a topological cluster state throughout the net-
work, in Sec. IV we determine the performance of the scheme
and the associated overhead, and in Sec. V we outline a po-
tential implementation of the scheme.
II. ENTANGLEMENT DISTRIBUTION
Our starting point is a quantum network in which we can
generate entanglement between a pair of qubits in neighbor-
ing nodes, each being inside an optical cavity, using a multi-
plexed transmitter-receiver model [9]. The scheme is depicted
in Fig. 1. Before considering this scheme, however, we will
outline a more simple version.
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FIG. 1. Scheme for distributing entangled pairs between adjacent re-
peater nodes using a multiplexed transmitter-receiver model [9].
First we prepare a matter-based qubit at each of the trans-
mitting and receiving nodes in an equal superposition of its
ground and first excited states, (|0〉q + |1〉q)/
√
2. We also
prepare a single photon at the transmitting node, |1〉p. This
gives us an initial state (|0〉q1 + |1〉q1)|1〉p(|0〉q2 + |1〉q2)/2.
We then split the photon on a 50:50 beamsplitter to create the
two-mode state (|1〉p1|0〉p2 + |0〉p1|1〉p2)/
√
2. When the sec-
ond mode interacts with the qubit in the first optical cavity, it
picks up a pi phase shift if and only if the qubit is in the state
|1〉q1 and a photon is present in the second mode [18, 19].
After this interaction our system has evolved to
1
2
√
2
|0〉q1(|1〉p1|0〉p2 + |0〉p1|1〉p2)(|0〉q2 + |1〉q2)
+
1
2
√
2
|1〉q1(|1〉p1|0〉p2 − |0〉p1|1〉p2)(|0〉q2 + |1〉q2) (1)
The two-mode photon field is then temporally multiplexed and
transmitted to the receiving node. Upon arrival, the multiplex-
ing is reversed and the second mode interacts with the qubit
in the second optical cavity, again picking up a pi phase shift
if and only if the qubit is in the state |1〉q2 and a photon is
present in the second mode. We then recombine the photonic
modes on a 50:50 beamsplitter, so the state of the system is
1
2
|0〉q1|1〉p1|0〉p2|0〉q2 + 1
2
|1〉q1|1〉p1|0〉p2|1〉q2
+
1
2
|0〉q1|0〉p1|1〉p2|1〉q2 + 1
2
|1〉q1|0〉p1|1〉p2|0〉q2 (2)
We finish by measuring the presence or absence of the photon
at either output port. Detection of a photon in the p1 mode
implies we have created the two-qubit state (|0〉q1|0〉q2 +
|1〉q1|1〉q2)/
√
2, while detection of a photon in the p2 mode
implies the state (|0〉q1|1〉q2 + |1〉q1|0〉q2)/
√
2. A third out-
come is possible—no photon will be detected if it has been
lost, either in its interaction with the matter qubits or during
transmission between nodes, or if the detector fails. In this
case we discard the attempt. In any case, a classical signal is
sent to the transmitting node indicating whether the attempt
has been successful or not.
In general, the probability of successfully generating a
highly entangled state is
ptot = psingle × p2coupling × pdetector × e−L/L0 , (3)
where psingle is the probability of generating a single photon,
pcoupling is the probability of successfully coupling the sin-
gle photon into and out of the optical cavity, pdetector is the
efficiency of the detector, L is the distance between the two
nodes, and L0 is the attenuation length of the fiber (approxi-
mately 25 km for commercial telecom fiber). In practice, ptot
will be much less than one—for L = 10 km, ptot = 0.2 is
optimistic [20].
We have assumed that the photon field will pick up a pi
phase shift if and only if the qubit is in the state |1〉q1 and a
photon is present in the field. This is a stringent requirement,
which can be relaxed. Instead of a pi phase shift, we can con-
sider the situation where a θ phase shift is achieved. Now only
one detection event (detection of a photon in the p2 mode)
heralds the generation of a suitably entangled state. The prob-
ability of success is reduced by (1− cos θ)/4.
We now turn to the multiplexed schemed depicted in Fig. 1.
In this scheme, we begin by preparing several qubits in the
transmitting node in the state (|0〉 + |1〉)/√2, in addition to
the qubit in the receiving node. In the transmitting node, each
qubit interacts (and becomes entangled) with its own individ-
ual single photon. These photons are temporally multiplexed
and transmitted to the receiving node, preceded by a classical
herald. When the herald is received, the first photon is cou-
pled with the qubit at that node. The subsequent detection of
the photon heralds the generation of an entangled state be-
tween the first qubit in the transmitting node and the qubit in
the receiving node. In practice however, it is likely the pho-
ton will have been lost. In this case, the qubit in the receiving
node is re-prepared for the second photon in the multiplexed
signal and the sequence of entanglement and measurement is
repeated. This is done until a success is reported. Once that
qubit is entangled, the remaining photons are sent to another
qubit in the same node, and so on until all incoming photons
have been depleted and a number of entangled pairs have been
generated. To further improve the efficiency of the scheme, we
can transmit qubits from both nodes simultaneously, leaving a
small number of qubits on each side as receivers.
It is important that multiplexing be tolerant of the vari-
ous errors that can arise. By design, photon loss is tolerated
[2, 9, 21, 22]. An error during preparation of the matter-based
qubits or an error due to decoherence of quantum memories
during transmission of the photons will lower the fidelity of
the entanglement in the event that the attempt succeeds. Such
an error cannot affect more than one pair of qubits that is even-
tually accepted, so, for these errors, attempts are effectively
independent. Detection errors might not be so benign. If an
attempt to generate entanglement is successful but the pho-
ton is not detected because the detector failed, then the pair
of qubits is rejected as if the photon was lost. However, in the
case of a dark count, we might accept a pair of qubits that are
not, in fact, entangled. Thus, we require single-photon detec-
tors that are reliable enough so that the cumulative probability
of a dark count during the series of attempts does not limit the
fidelity of the entanglement. Recent results suggest that this
can be achieved [23]. Ultimately, we are left with a number of
entangled pairs of some fidelity, F , shared between adjacent
nodes in the network.
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FIG. 2. Purification circuit based on an encoding circuit for the
[[5,1,3]] code. The circuit is executed independently at two adjacent
nodes, with the input being five entangled pairs (in blue) shared be-
tween those nodes. Then, the measurement results from both nodes
are combined and the remaining two qubits (one at each node, in
green) form the output pair. This is equivalent to a standard encoding-
transmission-decoding scheme [25]. The circuit is not fault tolerant,
but residual errors will be corrected with topological error correction.
III. PURIFICATION AND
TOPOLOGICAL ERROR CORRECTION
Next, to increase the fidelity of entanglement between ad-
jacent nodes, we turn to purification [3, 4]. Each round of
purification requires classical communication between nodes.
Already purified pairs can be used in successive rounds of pu-
rification until sufficient fidelity is achieved, following vari-
ous strategies [24]. However, typical purification schemes are
slow and require many rounds of classical communication. In-
stead, we will consider a variation of purification based on
Calderbank-Shor-Steane error-correction codes, which gener-
ally requires fewer rounds [8, 25].
For an [[n, 1, d]] quantum code, where d is the code dis-
tance, n entangled pairs are required for each round. A simple
n-qubit circuit (related to an encoding circuit of the code) is
executed at both nodes and n−1 qubits are measured, leaving
one output pair [25]. See Fig. 2 for an example. The imple-
mentation of the local gates required to perform this circuit
will be discussed in Sec. V. The measurement outcomes can
be used to infer the presence or absence of errors, leading to
two possible modes of operation. In either mode, if no errors
are detected we keep the output pair. Then, whenever an er-
ror is detected, we can reject the output pair (error-correction
mode). Alternatively, if d > 2, for some errors we can apply a
correction to the output pair (error-correction mode).
Figure 3 shows the performance of two codes in both
modes. The fidelity of the output pair, F ′, and the probability
that the output pair is accepted,A, depend on the input fidelity,
F . At this point, we have made the assumption that the error
rate of the local gates is 0.1%. For F = 0.900, two rounds of
the [[4,1,2]] code results in F ′ = 0.997, while one round of
the [[5,1,3]] code results inF ′ = 0.993. This is a much greater
increase in fidelity per round than for standard two-qubit pu-
rification, so fewer rounds (and less classical communication
time) will be required.
With high-fidelity entanglement between adjacent nodes,
our goal is to efficiently establish entanglement of arbitrary
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FIG. 3. Results of numerical simulation of purification in error-
detection (ED) and error-correction (EC) modes. The output fidelity,
F ′, and acceptance probability, A = 1 − l′, depend on the input fi-
delity, F , where l′ is the probability that the output pair is rejected.
Solid lines are for perfect local gates and dashed lines are for local
gates with an error rate of 0.1%.
fidelity that spans the entire network. To do this, we use fault-
tolerant error correction. Of the many schemes for error cor-
rection, topological cluster-state error correction is particu-
larly promising as it tolerates a relatively high rate of physical
errors [10]. The main ingredient of the scheme is the topolog-
ical cluster state shown in Fig. 4. One way to prepare such
a state is to initialize each qubit in the |+〉 state then to ap-
ply a series of CZ (controlled-Z) gates between neighboring
qubits [10]. In our case, the topological cluster state is pre-
pared with one qubit per node. CZ gates are executed using
entangled pairs shared between adjacent nodes [26].
Once the cluster state is prepared, communication proceeds
with a sequence of single-qubit measurements. The state is
divided into regions that determine the appropriate measure-
ment basis. Logical qubits are defined by regions of the state
measured in the Z basis. It is these logical qubits that are
transmitted from one end of the network to the other—see
Fig. 4. The rest of the qubits are measured in theX basis to ob-
tain a so-called syndrome of errors. Error correction involves
finding the most likely set of errors that is consistent with this
syndrome [10]. For error rates below a certain threshold value,
increasing the distance of the code by increasing the extent of
the topological cluster state will decrease the likelihood of er-
rors affecting the logical qubits.
Since the cluster state is distributed throughout the network,
the CZ gates rely on the availability of entangled pairs. Errors
in these gates can either be heralded or unknown. An error is
heralded when there is no entangled pair available to perform
a CZ gate. This might be because the output pair of the final
round of purification was rejected, which occurs with prob-
ability l′ (see Fig. 3). In this case, we can chose to abandon
the CZ gate and treat the associated qubits as if they were lost.
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FIG. 4. (a) Communication involves transmitting logical qubits, D,
through a topological cluster state. Qubits in the region V are mea-
sured to enable error correction. (b) The connectivity of the network
mimics the structure of the topological cluster state. There is one
cluster-state qubit per node, and gates between qubits in adjacent
nodes are performed using purified entangled pairs.
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FIG. 5. Results of numerical simulation of topological error correc-
tion for various code distances, d. A lattice of d × d × d unit cells
is associated with a distance-d code that may fail for ≥ ⌈d/2⌉ er-
rors. The inset shows the threshold as a function of the fraction of
abandoned CZ gates during preparation, l′.
Then, the lattice is deformed to avoid the lost qubits and er-
ror correction of the remaining unknown errors proceeds [11].
This introduces a trade-off between the fraction of CZ gates
that are abandoned and the threshold error rate of the remain-
ing gates [11].
We simulate a topological cluster state with periodic bound-
ary conditions in all three dimensions [27]. Figure 5 shows the
logical failure rate as a function of the CZ error rate for various
code distances, where we assume that the error rate of prepa-
ration and measurement of qubits at the nodes is 0.1% and that
CZ gates between nodes never have to be abandoned. We ob-
serve a threshold error rate of approximately 0.83%. Then, the
inset to Fig. 5 shows the threshold as a function of the frac-
tion of gates that have to be abandoned, showing the expected
tradeoff.
IV. PERFORMANCE AND OVERHEAD
To determine the performance of our communication
scheme we need to consider the combination of entanglement
distribution, purification, and error correction. The threshold
for topological error correction sets the target for the error rate
of the CZ gates between nodes. In turn, this error rate sets the
target for the fidelity of the output pairs of the final round of
purification, after accounting for the fact that entangled pairs
will not always be available. If these conditions are met, then
we can decrease the logical failure rate arbitrarily by increas-
ing the extent of the cluster state, thereby allowing reliable
communication over arbitrarily large distances.
How best to allocate resources to entanglement distribution
and purification depends on physical parameters such as the
distance between nodes, the rate of photon loss, and the ac-
curacy of the local gates. Here, we assume that our nodes are
separated by L =10 km (corresponding to a round-trip time
of flight of TR = 0.1 ms) and that the probability of success-
fully establishing a raw, entangled pair between two adjacent
nodes (before accounting for our multiplexing scheme) is 20%
[28]. This efficiency is beyond present experimental capabili-
ties, but will be useful to illustrate our scheme.
Table I outlines a number of strategies to generate entan-
gled pairs that meet or exceed the target fidelity, for various
values of the initial fidelity, F , and the error rate of the lo-
cal gates, plocal. As an example, assuming that F = 0.907
and plocal = 0.0008, with q = 16 (q = 64) qubits per node,
NR = 18 (NR = 3) multiples of the round-trip time are
required to generate entanglement of sufficient fidelity using
one round of the [[5,1,3]] code in error-detection mode. The
rate per second at which pairs are generated between adjacent
nodes is R = 1/(NRTR) = 104/NR. For q = 16 (q = 64),
R ∼ 0.5 kHz (R ∼ 3.3 kHz). In general, there is a clear trade-
off between R and q. Without additional qubits, schemes that
require more than one successful round of purification achieve
a significantly lower rate, and more accurate local gates mean
that fewer successful rounds of purification are required. Our
calculations assume worst-case behavior, and it is likely thatR
could be optimized with more careful scheduling. Ultimately,
the communication rate is limited by the time to prepare the
cluster state, which is ∼ 4TR. Quantum memories must be
stable over this time, but this requirement is independent of
the total communication distance—the extent of the cluster
state does not affect its preparation time.
V. HYBRID-SYSTEM APPROACH
In Sec. II we outlined a transmitter-receiver model, in which
a matter-based qubit with an optical transition (in the telecom
band) is placed in an optical cavity coupled to an optical fiber.
In addition, our scheme requires quantum memories that are
stable over multiples of the two-way time of flight between
adjacent nodes and near-deterministic local gates. Generally,
it is hard to find a single system that satisfies all of these re-
quirements. For instance, a number of atomic systems have
optical transitions in the telecom band, but performing local
5F 0.835 0.872 0.907 0.919 0.930 0.951 0.963
plocal 0.0005 0.0005 0.0008 0.0005 0.0005 0.001 0.0005
l′ 0.02 0.008 0.008 0.02 0.008 0.008 0.02
q = 5 — 154† 132† 72† 88∗ 66∗ 54∗
q = 16 54∗∗ 21† 18† 12† 8∗ 6∗ 6∗
q = 32 36∗∗ 7† 6† 3† 4∗ 3∗ 3∗
q = 64 18∗∗ 4† 3† 2† 2∗ 2∗ 1∗
TABLE I. Number of round-trip times, NR, required to generate an
entangled pair between adjacent nodes with the target fidelity, given
initial entangled pairs of fidelity F generated with probability 0.2.
Each node contains q matter qubits able to be coupled with determin-
istic local gates with error rate plocal, and l′ is the maximum allowed
probability that the output pair of the final round of purification is
rejected. ∗ indicates that one round of the [[4,1,2]] code is used, ∗∗
indicates that two rounds of the [[4,1,2]] code are used, and † indi-
cates that one round of the [[5,1,3]] code is used. Both codes are used
in error-detection mode.
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FIG. 6. A hybrid-system implementation of a repeater node, featur-
ing erbium spins. Local gates are performed using gap-tunable flux
qubits and a microwave resonator.
gates between atomic systems in separate cavities is difficult.
On the other hand, superconducting circuits can be easily cou-
pled together—spatially separated gap-tuneable flux qubits
[29] can be coupled together via a microwave resonator [30].
However, superconducting circuits do not possess an optical
transition.
A natural solution to this problem is to consider a hybrid-
system approach, where superconducting circuits are coupled
with atomic-like systems [31], enabling local gates and allow-
ing access to an optical transition. Recently it has been shown
that information can be transferred between a superconduct-
ing circuit and an ensemble of negatively charged nitrogen-
vacancy (NV−) centers in diamond [32, 33]. The NV− en-
semble couples to the superconducting circuit near 2.88 GHz
and has an optical transition, but at 637 nm instead of the tele-
com band. However, coupling between an ensemble of Er3+
spins doped in a Y2SiO5 crystal and a microwave resonator
has been demonstrated [34, 35]. Additionally, Er3+ has an
4II5/2 −4 II3/2 transition in the telecom C band at ∼1540
nm [36] .
A. Local gates within a repeater node
We will outline how local gates are performed in the hybrid-
system approach illustrated in Fig. 6. We will consider the
situation where two ensembles in spatially separated cavities
have information stored in them (they may be entangled with
systems in remote nodes). Each ensemble encodes a qubit of
information in the ground and first collectively-excited states.
First and foremost, there is no direct coupling between the
different ensembles so any two-qubit operation must be per-
formed using a quantum bus-type approach [37], with flux
qubits and a microwave resonator acting as the bus.
Let us consider the individual components in turn and the
couplings between them:
• The ensemble: An ensemble of N Er3+ electron spins
can be described by the Hamiltonian
H =
h¯
2
N∑
k=1
geµBBz σ
(k)
z , (4)
where ge = 7, µB is the Bohr magneton,Bz is magnetic
field in the z axis, and σ(k)z is the z Pauli operator act-
ing on the kth spin (σ(k)± are the corresponding raising
and lowering operators). We are considering the situa-
tion where there are few (zero or one) excitations in the
ensemble, and so we can treat the ensemble of spins as
a harmonic oscillator. The Hamiltonian can be rewritten
as [38, 39]
Hens = h¯ωensa
†a, (5)
where h¯ωens is the energy splitting between levels
caused the magnetic field and a† and a are the cre-
ation and destruction operators, defined as a† =
1√
N
∑N
k=1 σ
(k)
+ , a =
1√
N
∑N
k=1 σ
(k)
− .
• The flux qubit: A gap-tunable flux qubit is composed
of four Josephson junctions in two loops: a main loop
and a gap control loop [29, 40]. The main loop encloses
three junctions: two identical junctions with Josephson
energy EJ and one shared with the gap control loop
with Josephson energyαEJ/2. The two junctions in the
gap control loop are identical and form a dc-SQUID
with effective energy EeffJ = αcos(piΦα/Φ0)EJ ,
where Φα is the flux threading the gap control loop and
Φ0 is the flux quantum respectively. When the effective
magnetic flux Φqb (Φqb = Φε + Φα/2) threading the
qubit is close to (n+1/2)Φ0, the qubit Hamiltonian can
be written as
Hqb =
h¯
2
[∆(Φα)σz + ε(Φqb)σx] , (6)
where σx and σz are the usual Pauli matrices, ∆(Φα)
is the energy gap, and ε(Φqb) = 2Ip(Φqb − Φ0/2) is
the energy spacing of the two classical current states.
The gap ∆(Φα) can be in situ tuned on a nanosecond
timescale while keeping ε(Φqb) = 0 [40].
6• Coupling between a flux qubit and an ensemble: The
coupling between a flux qubit and an ensemble can be
represented by [33, 38]
Hqb−ens = h¯gensσx
(
a+ a†
)
, (7)
where gens is the collective coupling constant. Consid-
ering the full HamiltonianH = Hqb+Hens+Hqb−ens,
we can move to a rotating frame, giving
Hrot−frame = h¯gens
(
a†σ− + aσ+
)
, (8)
which is the well known Jaynes-Cummings interaction.
This interaction leads to an iSWAP operation, which al-
lows one to transfer the state of the flux qubit to the en-
semble (or vice-versa) in a time tswap = pi/gens. With
gens/2pi ∼ 30 MHz being possible [41], the transfer
time could be of the order of tswap ∼ 17 ns.
This coupling also allows us to prepare the ensemble in
an arbitrary superposition of its ground and first excited
states, by creating the state in the flux qubit and then
swapping it to the ensemble.
• Coupling between a flux qubit and a microwave
resonator—direct and dispersive coupling: A mi-
crowave resonator can generally be represented as a har-
monic oscillator [31]
Hreson = h¯ωresonb
†b, (9)
where ωreson is the angular frequency of the oscillator
and b† and b are the associated creation and destruction
operators, respectively. The coupling between a flux
qubit and a microwave resonator is generally given by
Hqb−reson = h¯gqb−reson
(
b†σ− + b σ+
)
, (10)
with coupling constant gqb−reson. We have two inter-
esting regimes of operation: on-resonance and disper-
sive. Like before, the on-resonance coupling enables an
iSWAP operation, this time to transfer the state of the
flux qubit to the microwave resonator (or vice-versa) in
a time tsw = pi/gqb−reson. The dispersive regime has
an effective Hamiltonian of the form
Hdisp =
h¯g2qb−reson
δ
b†b σz, (11)
allowing a CZ (controlled-Z) gate to be performed,
where δ is the detuning between the two systems. The
CZ gate occurs at a time tdisp = piδ/2g2qb−reson, signif-
icantly longer than tsw. With gqb−reson/2pi ∼ 50 MHz
[42] and δ/2pi ∼ 500 MHz we have tsw ∼ 10 ns and
tdisp ∼ 50 ns respectively.
The complete Hamiltonian for the two ensembles, the two
flux qubits, and the microwave resonator is Htotal = Hens,1+
Hens,2+Hqb,1+Hqb,2+Hqb1−ens1+Hqb2−ens2+Hreson+
Hqb1−reson+Hqb2−reson. We are now able to describe a two-
qubit gate between ensemble qubits in the same node.
Consider the case where two ensembles have been prepared
in the states |a〉 = a0|0〉+a1|1〉 and |b〉 = b0|0〉+b1|1〉, while
the two gap-tunable flux qubits, |f1〉 and |f2〉, are initially pre-
pared in the ground state, and the microwave resonator |r〉 is
in a vacuum state. The flux qubits are off-resonant with both
the ensemble qubits and the microwave resonator. Our initial
state is
|a〉|f1〉|r〉|f2〉|b〉 = |a〉|0〉|0〉|0〉|b〉. (12)
The operation begins by bringing both flux qubits onto reso-
nance with their associated ensembles, where the state of each
ensemble can be transferred to its flux qubit using an iSWAP
operation. This gives us the state
|0〉|a〉|0〉|b〉|0〉. (13)
Both flux qubits are then rapidly moved far off-resonance with
the ensembles. The first flux qubit is brought onto resonance
with the microwave resonator and an iSWAP operation is per-
formed, giving us the state
|0〉|0〉|a〉|b〉|0〉 = |0〉|0〉 [a0|0〉+ a1|1〉] [b0|0〉+ b1|1〉] |0〉.
(14)
The flux qubit is then far detuned from the microwave res-
onator. The second flux qubit is brought into the dispersive
limit with the microwave resonator, such that an interaction of
the form U = exp
[
−i g
2
qb−reson
2δ t b
†b σz
]
can be applied for
a time tdisp. The flux qubit is then moved far off-resonance
with the microwave resonator, effectively decoupling the two
systems. A simple single-qubit pi/2 Z-rotation on the mi-
crowave resonator gives us the state
|0〉|0〉 [a0b0|0〉|0〉+ a0b1|0〉|1〉+ a1b0|1〉|0〉 − a1b1|1〉|1〉] |0〉.
(15)
Finally, the quantum state stored in the microwave resonator
is transferred to the first flux qubit (using the iSWAP opera-
tion) and the states of both flux qubits are transferred to their
associated ensembles. The final state of the two ensembles is
a0b0|0〉|0〉+ a0b1|0〉|1〉+ a1b0|1〉|0〉 − a1b1|1〉|1〉. (16)
That is, an effective CZ gate has been performed between the
two ensemble qubits. This operation can be completed in ap-
proximately 100 ns. For most purification protocols the CNOT
gate is more useful than the CZ gate, but this can be achieved
by applying a Hadamard gate to the second flux qubit before
its state is transferred back to the ensemble.
We have described the protocol for performing local gates
in a very general way. Whether these gates can be performed
with the required fidelity remains an open question.
B. Coupling between the flux qubit and ensemble
Coupling between a flux qubit and a single Er3+ electron
spin can be written in a rotating frame as
Hint = h¯g
(
σ−qbσ
+
er + σ
+
qbσ
−
er
)
, (17)
7where σ±qb are the raising and lower operators for the flux
qubit, σ±er are the raising and lower operators for the Er3+
atom, and g is the coupling constant between them. This cou-
pling constant can be roughly estimated as
g/2pi = geµBB, (18)
where ge = 7 is the g factor, µB = 14 MHz/mT is the Bohr
magneton, andB is the magnetic field, which can be estimated
using the Biot-Savart law. To first order, B = µ0Ip/(2R),
where µ0 = 4pi × 10−7 NA−2, R = 1/2 µm is the distance
between the flux qubit and the single Er3+ electron spin, and
Ip = 1 µA the persistent current in the qubit [33, 38]. The
coupling constant between the flux qubit and the electron spin
can then be estimated as g/2pi ∼ 120 kHz.
Now, for an ensemble of spins, our interaction term be-
comes
Hint = h¯
∑
k
gk
(
σ−qbσ
+
k,er + σ
+
qbσ
−
k,er
)
= h¯gens
(
σ−qba
† + σ+qba
)
, (19)
where we have assumed that only a few excitations are in the
ensemble at any one time, so that a = 1√gens
∑
k gkσ
−
k,er with
g2ens =
∑
k g
2
k. If gk ∼ g for all the electron spins, then
gens =
√
Ng—that is, an ensemble of N spins will give a√
N enhancement, allowing in principle a collective coupling
constant of gens/2pi = 120
√
N kHz. With N = 62 500 we
have gens/2pi = 30 MHz. For an Er crystal of volume 40
µm2× 1/2 µm (with 40 µm2 corresponding to the area of the
flux qubit [33]), N = 62 500 corresponds to an Er3+ concen-
tration of 1.5 × 1015 spins per cm3. Such concentrations are
readily commercially available [43].
As our qubit is stored in the ensemble over a relatively long
timescale (milliseconds) we need to examine its coherence
properties. At 1.6 K the lifetime has been estimated at 100
ms [44]. As our system contains superconducting circuits, we
must operate at dilution fridge temperature (10 to 50 mK) and
so we would expect the lifetime to be even longer. The T2
coherence is more important, yet its value has not been deter-
mined at the concentrations being considered here. This co-
herence parameter will be affected by other impurities in the
crystal, but at the concentrations proposed here, dipole-dipole
interaction between Er3+ ions should be negligible. Regard-
less, we require T2 > 10 ms for our protocol to be effective.
VI. DISCUSSION
As our scheme is based on fault-tolerant error correction,
it is not surprising that the requirements on local gates and
quantum memories are quite stringent. Superconducting cir-
cuits and quantum memories have not achieved this level of
accuracy yet, but progress towards this goal has been made.
Error rates of quantum gates in superconducting circuits are
approaching values as low as 1% [45], and quantum memo-
ries are being engineered with increasing stability [46, 47].
It may be possible to ease the requirements on these com-
ponents by increasing the number of qubits per node. On the
other hand, it would be interesting to study a scheme with only
a few qubits per node, which may be much easier to imple-
ment. Such a scheme would involve more non-deterministic
elements, thereby lowering the threshold [17, 48].
Finally, our scheme enables universal quantum computa-
tion. In this context, node separation may be shorter and pho-
ton loss may be less severe. This may make the scheme an
interesting avenue for the further study of fault-tolerant quan-
tum computation in hybrid systems.
ACKNOWLEDGMENTS
We thank X. Zhu and S. Saito for valuable discussions.
This work was supported in part by JSPS, MEXT, FIRST, and
NICT in Japan.
[1] N. Gisin and R. Thew. Nat. Photon. 1, 165 (2007).
[2] N. Sangouard, C. Simon, H. de Riedmatten, and N. Gisin. Rev.
Mod. Phys. 83, 33 (2011), and references therein.
[3] C. H. Bennett, G. Brassard, S. Popescu, B. Schumacher,
J. A. Smolin, and W. K. Wootters. Phys. Rev. Lett. 76, 722
(1996).
[4] D. Deutsch, A. Ekert, R. Jozsa, C. Macchiavello, S. Popescu,
and A. Sanpera. Phys. Rev. Lett. 77, 2818 (1996).
[5] C. H. Bennett, G. Brassard, C. Crepeau, R. Jozsa, A. Peres, and
W. K. Wootters. Phys. Rev. Lett. 70, 1895 (1993).
[6] J.-W. Pan, S. Simon, C. Brukner, and A. Zeilinger. Nature (Lon-
don) 410, 1067 (2001).
[7] Z.-S. Yuan, Y.-A. Chen, B. Zhao, S. Chen, J. Schmiedmayer,
and J.-W. Pan. Nature (London) 454, 1098 (2008).
[8] L. Hartmann, B. Kraus, H.-J. Briegel, and W. Du¨r. Phys. Rev. A
75, 032310 (2007).
[9] W. J. Munro, K. A. Harrison, A. M. Stephens, S. J. Devitt, and
K. Nemoto. Nat. Photon. 4, 792 (2010).
[10] R. Raussendorf, J. Harrington, and K. Goyal. New J. Phys. 9,
199 (2007).
[11] S. D. Barrett and T. M. Stace. Phys. Rev. Lett. 105, 200502
(2010).
[12] L. Jiang, J. M. Taylor, K. Nemoto, W. J. Munro, R. Van Meter,
and M. D. Lukin. Phys. Rev. A 79, 032325 (2009).
[13] S. Perseguers, L. Jiang, N. Schuch, F. Verstraete, M. D. Lukin,
J. I. Cirac, and K. G. H. Vollbrecht. Phys. Rev. A 78, 062324
(2008).
[14] S. Perseguers. Phys. Rev. A 81, 012310 (2010).
[15] W. J. Munro, A. M. Stephens, S. J. Devitt, K. A. Harrison,
K. Nemoto. Nat. Photon 6, 777 (2012).
[16] A. G. Fowler, D. S. Wang, C. D. Hill, T. D. Ladd, R. Van Meter
and L. C. L. Hollenberg. Phys. Rev. Lett. 104, 180503 (2010).
[17] Y. Li, S. D. Barrett, T. M. Stace, and S. C. Benjamin. New J.
Phys. 15, 023012 (2013).
[18] E. Waks and J. Vuckovic. Phys. Rev. Lett. 96, 153601 (2006).
[19] C. Y. Hu, A. Young, J. L. OBrien, W. J. Munro, and J. G. Rarity,
8PRB 78, 085307 (2008)
[20] If we assume that psingle = pcoupling = pdetector = 0.75,
then ptot ∼ 0.2.
[21] O. A. Collins, S. D. Jenkins, A. Kuzmich, and T. A. B. Kennedy.
Phys. Rev. Lett. 98, 060502 (2007).
[22] C. Simon, H. de Riedmatten, M. Afzelius, N. Sangouard,
H. Zbinden, and N. Gisin. Phys. Rev. Lett. 98, 190503 (2007).
[23] S. N. Dorenbos, E. M. Reiger, U. Perinetti, V. Zwiller, T. Zijl-
stra, and T. M. Klapwijk. Appl. Phys. Lett. 93, 131101 (2008).
[24] R. Van Meter, T. D. Ladd, W. J. Munro, and K. Nemoto.
IEEE/ACM Trans. Networking 17, 1002 (2009).
[25] H. Aschauer. PhD thesis, Ludwig Maximilians Universita¨t,
Mu¨nchen, (2004).
[26] D. Gottesman and I. L. Chuang. Nature (London) 402, 390
(1999).
[27] We use a simulator written for this purpose and verified by re-
producing the results of Ref. [11]. Our numerical results rely
on the Blossom V matching algorithm [49] and the Mersenne
Twister pseudorandom number generator [50]. Each data point
in Fig. 5 is an average of at least 105 trials.
[28] We assume that the rate of loss is the same for connections
along all three axes of the cluster state. However, in practice,
nodes might only be separated along the direction of communi-
cation, meaning that loss due to attenuation in the perpendicular
directions will be significantly lower.
[29] F. G. Paauw, A. Fedorov, C. J. P. M. Harmans, and J. E. Mooij.
Phys. Rev. Lett. 102, 090501(2009).
[30] A. Fedorov, A. K. Feofanov, P. Macha, P. Forn-Dı´az,
C. J. P. M. Harmans, and J. E. Mooij. Phys. Rev. Lett. 105,
060503 (2010).
[31] Z.-L. Xiang, S. Ashhab, J. Q. You, and F. Nori. Rev. Mod. Phys.
85, 623 (2013), and references therein.
[32] Y. Kubo, C. Grezes, A. Dewes, T. Umeda, J. Isoya, H. Sumiya,
N. Morishita, H. Abe, S. Onoda, T. Ohshima, V. Jacques,
A. Dre´au, J. -F. Roch, I. Diniz, A. Auffeves, D. Vion, D. Es-
teve, and P. Bertet. Phys. Rev. Lett. 107, 220501 (2011).
[33] X. Zhu, S. Saito, A. Kemp, K. Kakuyanagi, S. Karimoto,
H. Nakano, W. J. Munro, Y. Tokura, M. S. Everitt, K. Nemoto,
M. Kasu, N. Mizuochi, and K. Semba. Nature (London) 478,
221-224 (2011).
[34] P. Bushev, A. K. Feofanov, H. Rotzinger, I. Protopopov,
J. H. Cole, C. M. Wilson, G. Fischer, A. Lukashenko, and
A. V. Ustinov. Phys. Rev. B 84, 060501 (2011).
[35] M. C. Staudt, I.-C. Hoi, P. Krantz, M. Sandberg, M. Simoen,
P. Bushev, N. Sangouard, M. Afzelius, V. S. Shumeiko, G. Jo-
hansson, P. Delsing, and C. M. Wilson. J. Phys. B 45 124019
(2012).
[36] B. Lauritzen, J. Mina´rˇ, H. de Riedmatten, M. Afzelius, N. San-
gouard, C. Simon, and N. Gisin. Phys. Rev. Lett. 104, 080502
(2010).
[37] T. P. Spiller, K. Nemoto, S. L. Braunstein, W. J. Munro, P. van
Loock, and G. J. Milburn. New J. Phys. 8, 30 (2006).
[38] D. Marcos, M. Wubs, J. M. Taylor, R. Aguado, M. D. Lukin,
and A. S. Sørensen. Phys. Rev. Lett. 105, 210501 (2010).
[39] I. Diniz, S. Portolan, R. Ferreira, J. M. Ge´rard, P. Bertet, and
A. Auffe´ves. Phys. Rev. A 84, 063810 (2011).
[40] X. Zhu, A. Kemp, S. Saito, and K. Semba. Appl. Phys. Lett. 97,
102503 (2010).
[41] In the case of NV− centers rather than Er3+, Zhu et al. [33]
observed a collective coupling strength of ∼ 70 MHz.
[42] A. Kemp, S. Saito, W. J. Munro, K. Nemoto, and K. Semba.
Phys. Rev. B 84, 104505 (2011).
[43] In the experiment of Bushev et al. [34], the concentration of the
sample used was nS ∼ 1018 cm−3. The concentration required
here is approximately 300 times less, which should help the
coherent properties significantly.
[44] E. Baldit, S. Briaudeau, P. Monnier, J. A. Levenson, and
K. Bencheikh. Quantum Electronics and Laser Science Confer-
ence, OSA Technical Digest Series (Optical Society of Amer-
ica, Washington, DC), p. QTuE7 (2006).
[45] A. Wallraff, D. I. Schuster, A. Blais, L. Frunzio, J. Majer,
M. H. Devoret, S. M. Girvin, and R. J. Schoelkopf. Phys. Rev.
Lett. 95, 060501 (2005).
[46] M. Steger, K. Saeedi, M. L. W. Thewalt, J. J. L. Morton, H. Rie-
mann, N. V. Abrosimov, P. Becker, and H.-J. Pohl. Science 336,
1280 (2012).
[47] P. C. Maurer, G. Kucsko, C. Latta, L. Jiang, N. Y. Yao,
S. D. Bennett, F. Pastawski, D. Hunger, N. Chisholm,
M. Markham, D. J. Twitchen, J. I. Cirac, and M. D. Lukin. Sci-
ence 336, 1283 (2012).
[48] Y. Li and S. C. Benjamin. New J. Phys. 14, 093008 (2012).
[49] V. Kolmogorov. Math. Program. Comput. 1, 43 (2009).
[50] M. Saito and M. Matsumoto. Monte Carlo and Quasi-Monte
Carlo Methods (Springer, Berlin) 2, 607 (2006).
